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Abstract— In field of research, modeling of count data plays
significant and inevitable role. In modeling count data, the
assumption of symmetric and normality is not fulfilled due to
excess numbers of presence of certain values in the data. Most of
the time, the frequency of zero is very high hence the data is over
dispersed. Since the traditional standard count models such as
Poisson and negative binomial distribution will not provide better
fit, hence the researchers started using zero-inflated models with
an additional parameter called zero inflation parameter to deal
with such type of count data. Zero inflation parameter represents
the proportion of excess number of zeros in the data which highly
influence the accuracy and efficiency of the zero-probability
models. In this paper, we have introduced an estimator for zero
inflation parameter of zero-inflated negative binomial (ZINB)
distribution based on the non zero probabilities and compared the
performance of the proposed estimator via a simulation study.
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I. INTRODUCTION

In recent years researchers are interested in the analysis of
count data having excess number of zero counts. The most
commonly used model for analyzing count data is the Poisson
distribution. But this distribution follows a restrictive property
that mean and variance are equal. But in many applications the
count data shows over dispersion and excess number of zero
counts. Hence researchers utilized negative binomial
distribution for modeling the over dispersed count data. And
many attempts have been made by many researchers to find
good alternatives for modeling the count data having over
dispersion and excess number of zero counts. Zero-inflated
models showed better performance for modeling count data
with excess number of zero counts. Among the zero-inflated
models zero-inflated Poisson distribution (Lambert, 1992),
zero-inflated negative binomial distribution (Neelon et al.,
2010) etc are the frequently used models. But in practice, the
count data often shows over dispersion nature, hence zero-
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inflated negative binomial (ZINB) distribution provides
appropriate fitting to the count data. Furthermore if the count
data shows severe over dispersion for non zero counts, zero-
inflated Poisson (ZIP) model does not provides consistent
estimates of the parameters. For testing a zero-inflated Poisson
model against a zero-inflated negative binomial model Ridout
et al., (2001) provided a score test. Many other zero-inflated
and zero modified distributions are also proposed by many
researchers. A zero-inflated binomial regression model was
proposed by Hall (2000) and he studied the random effects in to
zero-inflated Poisson and zero- inflated binomial models.
Famoye and Singh (2006) proposed a zero-inflated generalized
Poisson regression model for modeling the zero—inflated count
data. Further Dietz and Bohning (2000) discussed about a class
of zero-modified Poisson models.

Various methods are used in the literature for estimating the
parameters of the zero-inflated models. But the standard way
followed by the literature is based on maximum likelihood
estimation (MLE) method. An alternative way is based on the
first moment embed it in a linear exponential family of
distributions and there by estimate the parameters by quasi-
maximum likelihood method. A ZIP model in a real data
context is discussed by Nanjundan et al.,(2009) and they
attained the model parameters using moment estimators and
compared its performance with MLE via a simulation study.
For estimating the parameters of the zero-inflated Poisson
distribution Nanjundan and Naika (2012) used asymptotic
comparison of MLE and ME methods through study. Further
Nanjundan and Naika (2013) discussed the parameter
estimation of the power series distribution using method of
maximum likelihood and method of moments asymptotically
via EM algorithm. Becket et.al also discussed about the
parameter estimation of ZIP using MLE and ME in terms of
standardized bias and standardized MSE through simulation
study. Recently Wagh and Kamalja (2017) proposed a new
estimator called probability estimator (PE) for making
inferences about the inflation parameter of ZIP distribution and
compared the performance of this estimator with MLE and ME
through simulation study in terms of mean square error (MSE),
standard error (SE) and bias. Also Puig and Valero (2006)



introduced a measure called zero inflation index for measuring
the zero inflation and over dispersion present in the data.

In this paper we introduced an estimator named as non-
zero probability estimator (NZPE) for making inference about
the inflation parameter of the zero- inflated negative binomial
distribution and for demonstrating the performance of NZPE,
a simulation study is carried out. The organization of the
paper is as follows. Section 2 provides the structure of zero-
inflated models. In section 3 details of the zero-inflated
negative binomial model are given. In section 4 provides an
overview of the zero inflation index and demonstrate the
details of the zero inflation parameter for different values of
the zero inflation index. In section 5, we proposed an
estimator for making inferences about the inflation parameter
of the zero-inflated negative binomial distribution. In section
6 we provide the performance of the new estimator via a
simulation study. Sections 7 provide a conclusion to the study.

II. STRUCTURE OF ZERO-INFLATED MODELS

Zero-inflated models are basically mixture models that
combine a point mass at zero component with the count
component. The structure of zero-inflated models allows for
two different processes. First process occurs the participation
of values which drives whether the value is positive or zero.
The second part occurs the value of the strictly positive
counts. The probability mass function of the zero-inflated
model can be written as

o+(1-0)g(0,0) ,ifx=0
1-0)g(x,0) Jifx=12,.

p(sz/G),a)):{(

where X is the count random variable, g(x,®) is the PMF of

X with parameter space ® and @ represents the proportion of
excess zero counts called the inflation parameter and its value
lies between 0 and 1.

III. ZERO-INFLATED NEGATIVE BINOMIAL DISTRIBUTION

For analyzing the data with over dispersion nature, lot of
studies have been done in the literature. And one major cause
of over dispersion is the existence of excess number of zero
counts in the data. Hence in different times different
probability distribution models were proposed by various
researchers for analyzing the zero-inflated data. Among these
models zero-inflated models plays a very significant role. The
concept of zero inflation was first introduced by Neyman
(1939) and Feller (1943). One of the most frequently used
model for modeling the count data is the zero-inflated negative
binomial distribution. The PMF of the zero-inflated negative
binomial distribution ( p, 7, @) can be written as

a)+(1—a))e’” ,ifx=0
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x

x=012,..,0<A<1,0<w<1 and p=e* . The ZINB

distribution reduces to the ZIP distribution in the limit r—co.

The mean and variance of the distribution are
EX)=(1-w)A
V(X)=A1- o)1+ MHw+7))

IV. ZERO INFLATION INDEX
The concept of zero inflation index was first introduced by
Puig and Valero (2006) and they defined the zero inflation
index of the random variable Y as

z; =1+log(p,)/ mean (Y)

where p, represents the proportion of zero counts and
mean (Y) denotes the mean of the count random variable Y . If
the zero inflation index produce the value zero, then the
random variable Y follows negative binomial distribution.

Otherwise the random variable follows zero inflated negative
binomial distribution.

To find the nature of zero inflation parameter we generate
500 random samples from a zero-inflated negative binomial
distribution ~ with r=5,p=05 and w=w, where

w, =0.1,0.2,0....,0.8 for different sample sizes n=25, 50, 75
and 100. The average zero inflation index of the above
mentioned sample sizes across , is given in table 1.The table

shows that for most of the sample sizes, the zero inflation
parameter is greater than zero and the true parameter value
@, is sometimes overestimated or under estimated.

TABLE L AVERAGE ZERO INFLATION INDEX OF ZINB FOR DIFFERENT
SAMPLE SIZES ACROSS (U

Samp Average zero-inflation index
le size

(n) 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
25 0.11 | 022 | 032 | 037 | 042 | 044 | 047 | 0.51
50 0.15 | 025 | 032 | 038 | 042 | 0.46 | 049 | 0.56
75 0.15 [ 026 | 032 | 039 | 043 | 046 | 049 | 0.58
100 0.15 [ 026 | 033 | 039 | 043 | 047 | 049 | 0.51

V. NON - ZERO PROBABILITY ESTIMATOR

For estimating the parameters of the zero-inflated negative
binomial distribution some studies have been done in the
literature (Astuti and Mulyanto, 2016; Nanjundan and Naika,
2013). In this paper we proposed a new estimator for making
inferences about the inflation parameter of the zero-inflated
negative binomial distribution and the new estimator is named
as non-zero probability estimator (NZPE). This estimator
doesn’t need any of the iterative methods, so that the
calculation is very simple for estimating the inflation
parameter of ZINB distribution. The new estimator can be
obtained as follows.

o :PZ1NB(Y¢0)_PNB(Y¢O)
NZPE Pog(Y #0)




Where Py (Y #0) represents the probability of the ZINB
distribution at ¥ #0and Py (Y #0) denotes the probability
of NB distribution at ¥ #0.

VI. ESTIMATION OF INFLATION PARAMETER OF ZINB USING
SIMULATION STUDY

Here we conducted a simulation study and showed the
performance of the NZPE through mean square error (MSE),
standard error (SE) and bias.

We adopted the following algorithm for the simulation study

1. Generate m=500 random sample for each of size n
from the ZINB(r,p,w)forr =5,p=0.5and o=,

where wy = 0.1,0.2,...0.8

2. Estimate MSE (®yzpg) as follows

n
AG) N2
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3. The sample variance v (& e ) are evaluated as
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follows.
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4. The average biases of the estimates for NZPE are

calculated as follows.
2@, )
i=1 )

n
5. Repeat steps (1)-(4) for m=500 samples and
®, =0.1,0.2,...0.8.

bzas(a)NZPE )

A simulation study is carried out for sample sizes n = 25,
50 and 100 and following tables (2-5) shows the results of the
study for different sample sizes.

The Fig.1 and Fig 2 shows the performance of NZPE for
making inference about the inflation parameter @ of ZINB.
The behavior (diagram) of NZPE for sample sizes 25, 50, 75
and 100 shows that as the sample size increases error will be
reduced. From table 2 and the diagrams it can be seen that the
NZPE performs better as the sample size increases.

TABLE II.

MSE, SE, AND BIAS FOR @ OF ZINB DISTRIBUTION FOR

N=25
Inflation n=25
parameter MSE SE BIAS
0.1 0.000022 0.000439 -0.000197
0.2 0.000085 0.000361 -0.000380
0.3 0.000190 0.000299 -0.000590
0.4 0.000360 0.000238 -0.000780
0.5 0.000545 0.000210 -0.00990
0.6 0.000787 0.000242 -0.001180
0.7 0.000997 0.000175 -0.001390
0.8 0.001299 0.000091 -0.001570
TABLE III. MSE, SE, AND BIAS FOR @ OF ZINB DISTRIBUTION FOR
N=50
Inflation n=>50
parameter MSE SE BIAS
0.1 0.000020 0.000435 -0.000200
0.2 0.000080 0.000341 -0.000400
0.3 0.000180 0.000272 -0.000600
0.4 0.000320 0.000228 -0.000800
0.5 0.000500 0.000199 -0.001000
0.6 0.000720 0.000230 -0.001200
0.7 0.000980 0.000161 -0.001400
0.8 0.001280 0.000084 -0.001600
TABLE IV. MSE, SE, AND BIAS FOR @ OF ZINB DISTRIBUTION FOR
N=75
Inflation n=75
parameter MSE SE BIAS
0.1 0.000019 0.000430 -0.000201
0.2 0.000078 0.000339 -0.000402
0.3 0.000178 0.000270 -0.000610
0.4 0.000318 0.000226 -0.000820
0.5 0.000497 0.000199 -0.001030
0.6 0.000715 0.000228 -0.001250
0.7 0.000977 0.000160 -0.001420
0.8 0.001275 0.000082 -0.001650
TABLE V. MSE, SE, AND BIAS FOR @ OF ZINB DISTRIBUTION FOR
N=100
Inflation n =100
parameter MSE SE BIAS
0.1 0.000015 0.000428 -0.000205
0.2 0.000067 0.000336 -0.000408
0.3 0.000168 0.000265 -0.000617
0.4 0.000308 0.000219 -0.000828
0.5 0.000485 0.000193 -0.001035
0.6 0.000709 0.000221 -0.001259
0.7 0.000968 0.000156 -0.001428
0.8 0.001265 0.000076 -0.001657




0.0016

0.0014

0.0012

0.001

MSE

0.0008

0.0006

0.0004

0.0002

i
S oo oo o oo

Inflation parameter

Fig. 1. SE ofthe NZPE for different sample sizes
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Fig. 2. SE of the NZPE for different sample sizes

VII. CONCLUSION

In this paper we discussed about some inflated probability
distributions and estimation of inflation parameter of ZINB
distribution. Instead of using MLE for estimating the
parameter of ZINB we proposed a new estimator for making
inferences about the inflation parameter named as non-zero
probability estimator (NZPE). And performed a simulation
study for showing the performance of the proposed NZPE for
different sample sizes. The result also shows that for
increasing value of inflation rate, the error terms such as MSE,
SE and bias is decreasing gradually. Hence NZPE performs

better for increasing value of inflation rate and increasing
values of sample size.
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